Solutions to Workbook Exercises

Unit 9:

Substitution Instances

1.1.Proper Substitution Instances of Propositional Forms

Case [1b]

Proposition B — (A v B) is a substitution instance of propositional form p — (q v p)
since the proposition is created by means of the following substitution key:

p:=B

q:=A

B IO—>((( A ))qv| B )

Case [1c]

Proposition B — (C v B) is a substitution instance of propositional formp — (q v p)
since the proposition is created by means of the following substitution key:

p:=B
qg:=C

8 |>(C < )v[ =

Ny el

Case [1d]

Proposition C — (A v C) is a substitution instance of propositional formp — (q v p)
since the proposition is created by means of the following substitution key:

p:=C
q:=A
p q p
c |-(C A )v C )
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Exercise “Substitution Key” — 1

@ p—=>@pP—09 A — (A —>B) = =
(b) ~p—(peq) ~B — (B e C) = =
© p—(q—09 A — (~B - B) = =

d (pe(-ava)v~p (Ae(-CvC)v-A
© (P—-d=-g—->-p (C—->B)=(-B—->-0)
) ~(pva=(-ge-p) ~(BvA)=(-Ae-B)
(@ -~av(ge-p) ~A v (Ae~C)

T T T T T T T
I

O @ o » » W »r

0 o o o a o a
I

> > W O ©m O W

2.2.When Propositions Are Not Substitution Instances of Propositional Forms

Example 1b

Explain why proposition A v (B — A) isanot a substitution instance of propositional
foomp— (qv p).

They have a different logical structure: proposition A v (B — A) is a digunction
while the propositional formp — (g v p) isaconditional.

Example 2b

Show that proposition A — (A v B) is a not a substitution instance of propositional
formp — (q v p):

p= A/B
q:=A

2 - (@@C@A D)V [ s

There is no consistent assignment to variable p.

~— ©
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Exercise “Proper Substitution Instances”

Note: When a proposition does not have the same logical form as the propositional form, then it is
impossible to reconstruct a substitution key.

(@)

(b)

(©)

(d)

(€)

p—>(pP—0) A — (B> A)

M The proposition has the logical form of the propositional form.
There is a consistent substitution key: Oyes Mno

[ The proposition does not have the logical form of the propositional form.

Therefore: The proposition

O is a substitution instance of the propositional form

M is not a substitution instance of the propositional form
p—(p—0) (A—>A)—>B

[ The proposition has the logical form of the propositional form.
Thereis aconsistent substitution key: Oyes Ono

M The proposition does not have the logical form of the propositional form.

Therefore: The proposition

[ is a substitution instance of the propositional form

M is not a substitution instance of the propositional form
p—(P—0 A—B

[0 The proposition has the logical form of the propositional form.
Thereis a consistent substitution key: Oyes Ono

M The proposition does not have the logical form of the propositional form.

Therefore: The proposition
O is a substitution instance of the propositional form
M is not a substitution instance of the propositional form

p—(peq) Ae(A—C)

[0 The proposition has the logical form of the propositional form.
Thereis a consistent substitution key: Oyes Ono

M The proposition does not have the logical form of the propositional form.

Therefore: The proposition

O is a substitution instance of the propositional form

M is not a substitution instance of the propositional form
q—>(pP—a A — (B —»B)

M The proposition has the logical form of the propositional form.
There is a consistent substitution key: Oyes Mno

[ The proposition does not have the logical form of the propositional form.

Therefore: The proposition
O is a substitution instance of the propositional form
M is not a substitution instance of the propositional form

A/B

A/B
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(f)

(9)

(h)

(i)

@)

(k)

q—(p—0q) A= (B—A)

M The proposition has the logical form of the propositional form.
Thereis aconsistent substitution key: Myes Ono

[0 The proposition does not have the logical form of the propositional form.

Therefore: The proposition

M is a substitution instance of the propositional form

O is not a substitution instance of the propositional form
g—(pP—0) (A—->B)—>A

[0 The proposition has the logical form of the propositional form.
There is a consistent substitution key: Oyes Ono

M The proposition does not have the logical form of the propositional form.

Therefore: The proposition

O is a substitution instance of the propositional form

M is not a substitution instance of the propositional form
q—(P—0) Av(BVA)

[ The proposition has the logical form of the propositional form.
Thereis aconsistent substitution key: Oyes Ono

M The proposition does not have the logical form of the propositional form.

Therefore: The proposition

[ is a substitution instance of the propositional form

M is not a substitution instance of the propositional form
~pv( ~AvB

M The proposition has the logical form of the propositional form.
There is a consistent substitution key: Myes Ono

[0 The proposition does not have the logical form of the propositional form.

Therefore: The proposition

M is a substitution instance of the propositional form

O is not a substitution instance of the propositional form

~pvq Av-~B

O The proposition has the logical form of the propositional form.
Thereis a consistent substitution key: Oyes Ono

M The proposition does not have the logical form of the propositional form.

Therefore: The proposition

[0 isasubstitution instance of the propositional form

M is not a substitution instance of the propositional form

~pvd ~A eB

[ The proposition has the logical form of the propositional form.
There is aconsistent substitution key: Oyes Ono

M The proposition does not have the logical form of the propositional form.

Therefore: The proposition
O is a substitution instance of the propositional form
[ is not a substitution instance of the propositional form
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Exercise “Substitution Instances” — 1

p:=~A
q:=B
r.=CvD
s:=~(A —> D)
(b) (©)

pvp

& &
) ﬁ*iivi

(pvaQ)er rv~r (~pe~r)—p

(m)
(|D°~ID)—>S i i ii
=~ =~ ii—>ii—>~iivii
(n (s
~ii°ii§i~iv~ii i~iviisii—>ii

(d)
B
(9)
&
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Exercise “Substitution Instances” — 2

Construct substitution instances for each propositional form using four different
substitution keys:

Key 1 Key 2 Key 3 Key 4
p:=A p:=A p:=~C p:=AeB
q:=B g:=A g:=~D g=B=C
@ p—q 1) A—B
2 A—-A
3 ~C—-D
4 (AeB)— (B=C)
b) ~p—-a—-q (1) ~(A—>B)—>-~B

2 ~(A->A)—>-~A
3 ~(~-C—--~D)—~D

(4) ~(AeB)—>(B=C)—>~(B=C)

© (PvadvEpPv~d (1) (AvB)v(-Av-B)
2 (AvA)V(-Av-~A)
3) (~Cv-~D)v(~—~Cv~-D)

(4 ((AeB)v(B=0)v(~AsB)v~B=C)

d (pea)v(gep) (1) (AeB)v(BeA)
(2) (AeA)v(AeA)
(3) (~Ce-~D)v(~-De~C)

(4) (AeB)e(B=C)v((B=C)e(Ae*B)
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Key 1 Key 2 Key 3 Key 4
p:=A p:=A p:=~C p=AeB
qg:=B g:=A q:=-~D g=B=C

©® ~(Ped=(Pv-d (1) —AeB)=(-Av-B)
2 ~(AeA)=(-Av-A)
(3 ~(~Ce-~D)=(—~Cv~D)

(4) ~(AeB)e(B=C)=(~-(AeB)v~(B=0Q))

0 PvaepPv~-a (1) (AvB)e(-Av-B)
) (AvA)e(~Av~A)
(3) (~Cv ~D) e (~C v ~~D)

(4) (AeB)v(B=C))e(~(AeB)v~(B=0Q))

@ p—[g—=(pea) (1) A—>I[B—(AeB)]
(2) A>[A—>(AeA)
(3 ~C—[-D— (~Ce-~D)]

(4) (AeB)—>[(B=C)—>((AeB)e(B=0O))]

) [~p—=(P—0q]e~q (1) [-A > (A —B)]s~B
2 [-A—>(A->A)e~A
3 [C—(~-C—~D)]e~D

(4) [~(AeB)—>((AeB)—>(B=C))]*~(B=C)

(i) ~[(~pea)ep] (1) ~[(~A e B)eA]
(2) ~(-AeA)eA]
(3) ~{(~~Ce~D)e~C]

(4) ~[(~(AeB)e(B=C))e(AeB)

Logic Self-Taught — Solutions to Unit 9. Substitution Instances S9-7



Exercise “Substitution Key” — 2

@ p—>((p—0q A—>(A>A)

p=A
g:=A
(b) ~p—(peq) ~B—>(BeC) p:=B
q:=C
© p—(-g—0 ~A - (~B — B) pi=~A
q:=B
d ~p—(p—0 ~A - (A —>-~A) p:=A
qg:=~A
€® ~p—>(p—0 ~A—->(A—>(BvQ) p:=A
g:=BvC
® p—>(a—0 ~A = (~—~B — ~B) pi=~A
gq:=-~B
@ (Pe(-ava)v-p (-Ae(-CvC)v~—A pi=~A
g:=C
h) p-a=(~q—>-~p) (-C—-B)=(—B—~C) p:=~C
q:=-B
(i) ~(pva=(-qe~p) ~((AvB)vC)=(-Ce~AVB)) p=AvB
g:=C
) p—=a=(-a—>-p) (AvB)—>~(BeA)= p:=AvB
=(~—~(Be*A)>~(AvB))
q:=~(BeA)
(k) (pe(-ava)v-p (Ae(=(B=D)v(B=D))v-A p=A
g:=B=D
) ~(pva=(-ge-p) ~(AvB)v(-BvC)= p:=AvB
=(~(~-Bv C) e ~(Av B))
g=-BvC
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Exercise “Substitution Instances” — 3

Propositions highlighted are substitutions instances of the propositional form in the

middle:

(@)

1 2 3

A=(AeB) A=(BeB) B=(BeA)
p:=A p := A / B inconsistent p:=B
g:=B g:=B g:=A

4 5

A=(AeA) ~A=(~AeC)
pi=A p=(peq) p:=~A
q:=A q:=C

6 7 9

A=(Ae(CvB)) Ce (A =-~A) ~(AeB)=(~(AeB)eD)
p:=A Different logical structure: p:=~(AeB)
q:=CvB Thisis not abiconditional! q:=D

(b)

1 2 3

(~A v ~B)e(AeB) (~-Bv~A)e(BeA) (FAv~A)e(AeA)
p:=A p:=B p:=A
g:=B g:=A g:=A

4 5

(~A v ~B) ¢ (~A ¢ ~B)

p := A/ ~A inconsistent
g := B/ ~B inconsistent

(~pv~q)e(peq)

(AvB)e(~Ae~B)

Different logical structure: both
digunctsin the first parentheses
of the proposition are not
negations!

(—Bv~B)e(-Be-B) (~RAv~B)e(BeA) (~—~A v ~—B) o (~A ¢ ~B)
p:=-B p := A/ B inconsistent = ~A
q:=-B g:= B/ A inconsistent q:=~B
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(c)

1 2 3
“AVI(B = ~A) ~B— (~A v B) ~A = (~A v B)
Different nglcal structure: D=A D=A
the proposition is not a B — A /Binconsist
conditional 9= 9-=
4 5
~C— (~«(-C—> A) v ~C) ~~(C=~A) - (-B v~(C=-~A))
p=-C—>A q-(pva p:=B
q-== g:=~(C=-~A)
6 7 9
(AvB)—(-Cv~AvB)) ~C—=>(~(AvB)e()
: : ~(CvB)—>(—-Bv(CvB) , .
Different logical structure: Different logical structure:
though the proposition is a p:=-B though the proposition is a
conditional, its antecedent is g:=CvB conditional, its consequent is
not a negation. not a digunction.
(d)
1 2 3
~A v (Be-A) ~B e (~AVvB) ~A e (~A v B)
Different logical structure: A . A A .
the proposition is not a p = B / ~A inconsistent p = A / ~A inconsistent
L q:=B g:=B
conjunction.
4 5
~~C e (~(~C—A) v ~C) ~~(Cv~B)e (~(Cv~B) vB)
o~ [ \V4
p:=~C/~(~C— A)incons. pe(pva) p:=~(Cv~B)
q:=~C q:=B
6 7 9
~(AvB)e(~Cv(AvB)) ~(CvB)e((CvB)v~~A) ~Ce (Cv Q)
p:=A v B/ ~Cinconsistent p=CvB p=C
qg=AvB q:=~A qg:=C
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Exercise “Substitution Instances” — 4

Keyl Key 2
pi=A pi=~A
q:=-~B q:=-~B
r.=CvD r.=-BeC
Key 1 Key 2
@)
p—q
p
q

(b)
P—q

pP—q
—q
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Key 2

Key 1
p:=A p:=-~
g:=-B q:=-~
r=CvD r=~BeC
Key 1 Key 2
(d)
(peq)—r

~(p=q)vr
~e~(p—>0)
~@-p

(p—>a=r
re—~q

S9-12
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Exercise “Substitution Key” — 3

(@

(b)

(©)

(d)

(€)

(f)

(9)

(h)

p—q A—B
.-..q ...B
~p -..A
pv~q Av-~A
q A
p A
(p=ag)vp (~A=~—~C) v ~A
pe~q ~A e —~C
~p -..-..A
(p—>0a)eq (~C—>(AvB))e(AVvB)
__bv=q ~Cv~(AvB)
~p ......C
(pva)e(qvp) (~-BVvA)e(Av-~B)
~q ..._A
p ~B
(P—>0a)e(d—p) (~(BeC)— A)'& (A — ~(B «C))
q
p ~(B e C)
(P—>0ag)e(d—p) ((CvD)—>B)°B(B—>(CvD))
~q -
~p ~(Cv D)
(pva)e(@—p (Av(-B=QC))e((-B=C)—>A)
~9 ~(-B=0C)
p A

p:=A
q:=

p:=
q:=A
p:=~A
q:=~~C
p=-C
q:=AvB
p:=-B
q:=A
p:=~(BeC)
q:=
p:=CvD
q:=
p:=A
g:=~-B=C
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Exercise “Substitution Instances” —5

(@)

1 2 3
A=B A=B C=B
~A ~B ~C
~B ~A ~B
p:=A p := A/ B inconsistent p:=C
g:=B g := B/ A inconsistent g:=B
4 5
~A=-B ~C=B
~A p=q ~C
~B ~p ~B
p :=~A /A inconsistent ~q p :=~C/ Cinconsistent
g:=~B/ B inconsistent g:=B
6 7 9
(AvB)=(CeD) (AvB)=(CeD) ~(AvB)=(~CeD)
~(AvB “AvE ~—~(A v B)
(AvB) CeD
~(CeD ~(CeD)
(CeD) Different logical structure: —
— L2 p:=~(AvB)
p=AvB the second premise is not a .
q:=CeD negation;, nor is the |0 =~CeD/CeD
conclusion is a negation! Inconsi stent
(b)
1 2 3
A—-C
A—>B C(Z: —D ~(A ¢ C)
~A v ~B ~Cv-~D Av-C
~(~A e ~B)_ _ ~(CeD) Different logical structure:
p := A/ ~A inconsistent p:=C the concluson is not a
g:= B/ ~B inconsistent g:=D negation; the second premise
is not adisunction!
4 5
~A —~B ~A = ~A
~A v ~—~B p—q ~~A v ~—~A
~(~A *~B) _~pv-q ~(~A o ~A)
p:=- ~(peQ) p:=-~
g:=-B g:=-A
6 7 9
(AeB)=~C (A v C) - ~(A =B) A—B
~(AeB)v~—C ~A v C)v~~A=B) AvB
~((A eB)e~C) ~((A v C) e ~(A =B)) ~(~A ¢ ~B)
Different logical structure: =AvC Different logical structure:
the first premise is not a P :_ the diguncts in the second
conditional! q:=~(A=B) premise are not negations!
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