Solutions to Workbook Exercises

Unit 10:

Natural Deduction Proofs (A)

Ex. ¢Int-I. Please, fill in the missing information:

1|C Pr. 1A Pr. 1.|B Pr.
2.|D Pr. 2.|B Pr. 2.1 C Pr.
3. |CeD eint1,2 3. |AeB eInt1,2 3. |BeC sint 1, 2
4 | DeC eInt2, 1 4., | Be A Int2, 1 4, | CeB eInt2, 1
1. | ~C Pr. 1.|C Pr. 1. | CeA Pr.
2.| B Pr. 2.|A=B Pr. 2.1 B Pr.
3.|~CeB eInt1, 2 3. [Ce(A=B) eIntl, 2 3.|(CeA)eB eIntl, 2
4. | Be~C Int2,1 4. | (A=B)eC eInt2, 1 4. |Be(CeA) eint2,1
1|-~A Pr. 1. |CvVvA Pr. 1. | -B Pr.
2. | —~B Pr. 2.1D Pr. 2.|C—>D Pr.
3. |~-Ae~—B Intl,2 3. |(CvA)eD eint 1,2 3.|~Be(C—D) eIntl?2
4, | ~Be~A °Int2,1 4. |De(CVvA) int2, 1 4. | (C>D)e~B -°Int2,1
Ex. Elim-I. Please, fill in the missing information:
1. |AeB Pr. CeD Pr. 1.|AeC Pr.
2. | A *Elim1 2.1 C *Elim1 2. | A *Elim 1
3.|B *Elim 1 3.|D *Elim1 3.|C *Elim1
1. |CeB Pr. 1L |CVvA Pr. L|(CvA)eD Pr.
2. | B=D Pr. 2. AeB Pr. 2.|D—>B Pr.
3.|B *Elim 1 3 A *Elim 2 3.|D *Elim 1
1. |~AeC Pr 1L |Ae(CvB) Pr. 1L|(A—>C)e-D Pr.
2.|Be~D Pr. 2.|(B=D)eD Pr. 2. | (BeA)eC Pr.
3| ~A *Elim1 3.|B=D *Elim 2 3|A>C *Elim1
4. | C *Elim 1 4. | D *Elim2 4, | ~-D *Elim1
5 1B *Elim 2 5 1A *Elim1 5.|BeA *Elim 2
6. | ~D *Elim 2 6. | CvB *Elim 1 6.| C *Elim 2
Logic Self-Taught: Solutions to Workbook Exercises, version 2007-1 S10-1
© Dr. P.

drp@swps.edu.pl



Ex. sInt-<Elim-Il. The following proofs are missing exactly one step to prove the conclusion
(on the last line). Please, fill in the missing step, justify it and justify the last step:

1.|A Pr.
2.| B Pr.
3./AeB eInt1, 2
4. | (AeB)eB eInt 3, 2
1. |CeA Pr.
2.| B Pr.
3 [A *Elim 1
4. | AeB eInt 2,3
1.|~C Pr.
2. | ~D Pr.
3. | ~Ce-~D elnt 1, 2
4. | (~Ce~D)e~C cInt3,1

1. A Pr.
2.|B Pr.

3. |BeA eint2, 1
4. |Ae(BeA) cIntl,3
1.|C Pr.
2.|B Pr.
3.|BeC elnt 1, 2
4. | (BeC)eB eInt 3, 2
1. |Ce~D Pr.

2. |A>B Pr.
3.|~D *Elim 1
4. |~-De(A—B) °Int2,3

eInt-+Elim-111.The following proofs are missing exactly two steps to prove the conclusion (on
the last line). Please, fill in the missing steps, justify them and justify the last step.

B
oD

AOWN P arw NP
>0>0 >0 >0 >
. .
> w)

Pr.
Pr.
*Elim1
*Elim 2
eInt 3,4

Pr.

*Elim1
*Elim1
Int 2,3

arwDNRE

(AeB)eC Pr.
D Pr.
AeB *Elim 1
A *Elim 3
AeD *Int 4,2

(AeB)e(CvD) Pr.

ar DR

~G Pr.

AeB *Elim 1
B *Elim 3
~GeB oInt 2,4

1A Pr.
2.|B Pr.
3.|AeB eInt 1,2
4. | Be(AeB) eInt 2,3
1.|C Pr.
2.|AeB Pr.
3| A *Elim 2
4. | AeC eInt 1,3
1L (AeC)eD Pr.
2. |AeC *Elim 1
3 1A *Elim 2
1L|Ce[Ae(BeD) Pr
2.|Ae(BeD) *Elim 1
3.|BeD *Elim 2
4. | B *Elim 3
1A Pr.
2.|B Pr.
3. |AeB eInt 1,2
4. | Be A eInt 2,1
5 | (AeB)e(BeA) °Int34
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Int-<Elim-1V. Prove that the indicated conclusion follows from the premises given (you need
to determine how many steps are necessary to prove the conclusion):

a Provethat (A eC)e(CeA) b. Provethat (AeC)e (CeA)
1L|A Pr. 1. |AeB Pr.
2.|C Pr. 2.|BeC Pr.
3. | CeA eiInt2, 1 3 A *Elim 1
4. AeC ntl,2 4.|C «Elim 2
5| (AeC)e(CeA) sInt4,3 5 |AeC eInt 3,4
6. | Ce A *Int 4,3
7.| (AeC)e(CeA) *Int 5,6
C. Provethat (B e C) e (A=D) d. Provethat A e[Be (A eC)
1. |(AeB)e~C Pr. 1L |(AeB)eC Pr.
2.| (CeD)e(A=D) Pr. 2. |AeB *Elim 1
3]A=D «Elim 2 3. |C -El!ml
4. AeB *Elim1 4. | A *Elim2
5B “Elim 4 5 | B *Elim2
6.|CeD Elim 2 6. | AeC eInt 4,3
7. lc Elim6 7. | Be (A . C) eInt 5,6
8.|BeC “Int5,7 8 |Ae[Be(AeC) *Int4,7
9.|(BeC)e(A=D) *[nt 8,3
—Elim-I. Please, fill in the missing information:
1.|C—>D Pr. 1L.|A—=D Pr. B—-D Pr.
2.|C Pr. 2. | A Pr. B Pr.
3.|D —Elim1, 2 3.|D —FElim1, 2 D —FElim1, 2
1| D>A Pr. 1.|C—>D Pr. D—~C Pr.
2.|D Pr. 2.|C Pr. D Pr.
3. |A —Elim1, 2 3.|D —Elim1, 2 C —Elim1, 2
1.|-B—>A Pr 1.|-A—>B FPr A—~B Pr.
2.| ~B Pr. 2. | ~A Pr. A Pr.
3 1A —Elim1,2 3.|B —Elim1,2 ~B —Elim1,2
1.|-C—>D Pr 1.|~A—-~D PFr B—-~-~B Pr
2. | ~C Pr. 2. | ~A Pr. B Pr.
3.|D —FElim1, 2 3.|-D —Elim1, 2 ~B —FElim1, 2
1.|B Pr. 1.|D Pr. .| ~~A Pr.
2| B—>~D Pr 2. |D—>B Pr. .| ~A—=C Pr
3.|-D —Elim1, 2 3.|B —Elim1, 2 C —Elim1,2
Logic Self-Taught — Solutions to Unit 10. Natural Deduction Proofs (A) S10-3



AwdPE

o NP

SANE I

S e A

© 0 ~AwWdDPE

—Elim-II. The following proofs are missing exactly one step to prove the conclusion (on the
last line). Please, fill in the missing step, justify it and justify the last step:

BeC Pr.

B A Pr.

B Elim 1

A —Elim2,3
A—>D Pr.

D->C Pr.

A Pr.

D —Elim1,3
C —Elim2,4
A Pr.

B Pr.
(AeB)>C Pr.

AeB elnt 1,2

C —Elim3,4

A owbdbpR

o bR

Ea SN

C Pr.
(C—>B)e A Pr.

C—B *Elim 2

B —Elim1,3
B—C Pr.

A—B Pr.

A Pr.

B —Elim2,3
c —Elim1,4
B—(CeA) Pr.

BeD Pr.

B *Elim 2
CeA —Elim 1,3

N

o NP

> wdhpE

(B—>A)eC Pr.

B Pr.

BoA Elim1

A —Elim2,3
B—>~C Pr.

~A > B Pr.

~A Pr.

B —Elim2,3
~C —Elim 1,4
B—->(B—A) Pr.

B Pr.

B—-A —Elim1,2
A —Elim2,3

—Elim-IIl. The following proofs are missing exactly two steps to prove the conclusion (on the
last line). Please, fill in the missing steps, justify them and justify the last step:

|(a>Bec  Pr 1.|A>B Pr. 1.|B>C Pr.
|CeA Pr. 2.|Ce(AeD) Pr. 2./CoD Pr.
A—B *Elim1 3.|AeD *Elim 2 3. |AeB Pr.
A *Elim 2 4. | A *Elim 3 4. | B *Elim 3
B —Elim3,4 5B —Elim1,4 5|C —Elim14
6.|D —Elim 2,5
B—->C Pr. 1L.|{C—>A Pr. 1. |~-D—>B Pr.
A>B Pr. 2| (A>C)eC Pr. 2.|~A>-D  Pr.
A Pr. 3.]A>B Pr. 3. |~A Pr.
B —Elim2,3 4.|C *Elim 2 4.|-D —Elim2,3
c SEim14 > |A —Elim 1,4 5| B —Elim 1,4
BeC eInt 4,5 6.1B —Elim35 6.|~DeB eInt 4,5
C Pr. 1. | CeA Pr. 1. |~DeA Pr.
C—-B Pr. 2.|A>(DeC) Pr. 2. | (-DeB)C Pr.
C—>D Pr. 3. 1A *Elim 1 3.|B Pr.
B —Elim1,2 4.|DeC 5Elim2.3 4. =D *Elim1
D —Elim13 5 | D *Elim 4 5 |~DeB eInt 4, 3
BeD “int4,5 6.1C —Elim2,5
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—Elim-IV. Prove that the indicated conclusion follows from the premises given:

Provethat A e C:

(A—>B)*(B—>C) FPr
A Pr

A—>B
B—->C
B

C
AeC

N o akrwbhpE

*Elim1
*Elim1
—Elim?2, 3

—Elim4,5
eInt2, 6

Provethat B e D:

1.|A>B Pr.
2.|C->D Pr.
3.|A-C Pr.

4. A *Elim 3

5| C *Elim 3
6.|B —Elim1, 4
71D —Elim2,5
8. |BeD “Int6, 7

Ex. Components. Please, carefully inspect the following derivations and mark those that are
not permitted, justify those steps that are permitted (‘XXXX' means that the step is not

permitted):
1.|{C->D Pr. 1.|A—>D Pr. 1. | ~C Pr.
2.|CeA Pr. 2. |A—>B Pr. 2 |~C — P
3.|D XXXX 3|B XXXX o
31D —Elim1,2
1L.|A—>B Pr. 1.|B—>C Pr. 1. |A—>D Pr.
2. | Ce A Pr. 2.|Ae(BeQ) Pr. 2.|A—>B Pr.
3.1 A *Elim 2 3.1 A *Elim 2 3.|B XXXX
4, | B —Elim1, 3 4, | B XXXX 4. | D XXXX
1L |(AeB)eC Pr. 1L (B—>C)eD Fr 1L.|A->D Pr.
2.|C->D Pr. 2.|B Pr. 2. | A XXXX
31 A XXXX 3.|/C XXXX
4, | B XXXX
1. |(AeB)vC Pr. 1L | (AeC)eC Pr. 1.| ~CeB Pr.
2.|C->D Pr. 2.|C *Eliml 2.|~-C»>D Pr
31 A XXXX 3.|~C *Elim1
4, | B XXXX 4, | B *Elim 1
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Ex. —Elim-2.1.

1L (CvA)—»B FPr 1. |A>({D+B) Pr 1| M= ~~N Pr.
2.|CvA Pr. 2. | A Pr. 2. | M Pr.

3.|B —Elim1,2 3.|DB —Elim1,2 3. | ~~N SElim1, 2
1L.|~C—>D Fr 1. |~C Pr. L|(A->B)—>(C—>D) Pr

2. | —C Pr. 2.| ~C—>(A+B) Pr. 2.|A>B Pr.

3.|D —Elim1,2 3.]AB —Elim1, 2 3.|C—D —Elim1, 2
1. | ~D Pr. 1|~A—>-~C Pr. 1| A= (@A-B) Pr.
2.|(-D—>A)sC Pr. 2 |~A—>D Pr 2. A Pr.
3.|-D>A Pr. 3| -A Pr. 3.|[A>(A>B)]—>C Pr

4. | A —Elim1,3 4. | ~C —Elim1,3 4.|C —Elim1, 3
1L|A—>B Pr 1.|~-D>~C Pr 1. | ~(D-A) Pr.

2 |AvC Pr 2 |A=C Pr. 2| (~-D—>A)—>C Pr

3. | A Pr. 3. | =D Pr. 3.|~D<A)>~C Pr.

4. | B —Elim1,3 4. | ~C —Elim1,3 4. | ~C —Elim 1,3
1L|A->B Fr 1.|(A->B)—=>C Pr 1|~A-=-~C Pr.

2 |B—>C Pr 2. | ~(BvC Pr. 2|A>(D-—>((A->C) Pr

3 A Pr. 3.|]A—>B Pr. 3. 1A Pr.

4.1 B —Elim1,3 4. | C —Elim1,3 4| D—>(A—=C) —Elim2,3

Ex. —Elim.eInt.*Elim-2.Il. The following proofs are missing exactly one step to prove the
conclusion (on the last line). Please, fill in the missing step, justify it and justify the last step:

1| (C+A)>D P
2. [D+(C+A) Pr.

(A->B)—>C Pr
(A->B)*D Pr.

ap®ODN PR
Ao DR

3. [CeA *Elim 2 Pr. A—>B *Elim 2

4. | D —Elim1, 3 eInt 2,3 C —Elim1,3
—Elim1, 4

1L|A->[B—-C)—D] Pr 1.|(A->B)>(A—>C) Pr

2. | A Pr. 2. |A>B Pr.

3.|B=>C Pr. 3| A Pr.

4| (B—>C)—D —Elim1, 2 4 |A—>C —Elim 1,2

5 (D —Elim 3, 4 51C —Elim 3,4
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Ex. —Elim.eInt.«Elim-2.1ll. The following proofs are missing exactly two steps to prove the
conclusion (on the last line). Please, fill in the missing steps, justify them and justify the last
step:

1|(BeD)—((D-—>C) Pr. 1L|(-A+~B)>(-B—C) Pr.
2. | Ae(BeD) Pr. 2. | ~B Pr.

3.|D Pr. 3. -A Pr.

4. | BeD *Elim 2 4, | ~A+~B eInt 3,2
5|D—>C —Elim 1,4 5|~B—>C —Elim 1,4
6.|C —Elim 3,5 6.|C —Elim2,5
LIAS[A>(A—>C)] Pr 1| (A+B)—>(C+D) Pr.

2. | A Pr. 2. | (A+B)+G Pr.

3. [AS(ASC) SElim1, 2 3.[AB *Elim 2

4. |A—>C —Elim 2,3 4. | CeD —Elim1,3

5 |C —Elim24 51D *Elim4

L] (KoL) > (K->M) Pr LIK=[(L—>M)—>N] Pr

2| K>L Pr. 2.1 K Pr.

31K Pr. 3|L>M Pr.

4 | K>M —Elim1,2 4 1 (L>M)—>N —Elim1, 2
5| M —Elim 3,4 51N —Elim3, 4
6. | KeM eInt 3,5 6. | (L—>M)eN Int3,5

Ex. —Elim.sInt.sElim-2.1V. Prove that the indicated conclusion follows from the premises
given:

Provethat C from: Provethat A from:
1L.|A>B->C) P 1L|(-C->B)—>(B—-A) Pr
2 |A—>B Pr. 2. | ~C Pr.
3. A Pr. 3|/~-C—>B Pr.
4. | B —Elim 2,3 4. | B —Elim 2,3
5|B—>C —Elim1,3 5| B—>A —Elim1,3
6.|C —Elim4,5 6. | A —Elim4,5
Prove that C from: Prove that ~D from:
1.|B>(B-C) Pr LI(A-C)—>(BvC Pr
2.|A->(B-D) Pr. 2.|(BvC)—-D Pr.
3. A Pr. 3./](A*B)C Pr.
4. | BeD —Elim 2,3 4. | A+B *Elim3
5B *Elim4 51|C *Elim3
6.|B—>C —Elim1,5 6. | A *Elim4
7.]C —Elim5,6 7.1AC *Int 6,5
8.|BvC —Elim1,7
9.| ~D —Elim2,8
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Provethat D from:

Prove that A from:

1| @®B+A)—>D P
2.|(A-C)+B Pr.

3. B *Elim 2
4. |AsC *Elim 2
5 | A “Elim 4
6.|B+A oInt 3,5
7.|D SElim1,6

1. |B—[B—->{B—A)] P
2.1 B Pr.

3. | B> (B >A) —Elim1,2
4.1 B—>A —Elim2,3
5 A —Elim2,4

Provethat (C+ D) « (Av B) from:

(AvB)—C
D— (AvB)
D

AvB

C

CeD
(C+D)+(AvB)

Nogs~rwDdNRE

Pr.

Pr.

Pr.
—Elim2,3
—Elim14
Int3,5
’Int4,6

Provethat (A ¢ B) « C from:

1 |(AvB)—C Pr.

2. |A>(A>B) Pr.

3 |(AvB)+A Pr.

4. |Av B *Elim 3

5 | C —Elim1,4
6. | A *Elim 3

7. |A>B —Elim2,6
8. |B —Elim 6,7
9. |A*B *Int 6, 8
10. | (A+B)eC *Int9,5

Provethat [(A —B) « (B — C)] * (A — B) from:

1. |A—>B Pr.
2.|B—>C Pr.
3. |(A—>B)*(B—>C) eInt 1,2
4, | [(A—=B)*(B—C)]*(A—B) °Int31
Provethat D from:
1L{BvC)—>(A<D) Pr.
2.|(BvC)eA Pr.
3.|BvC *Elim 2
4 | A+D —Elim1,3
5 | D *Elim 4
Provethat B » C from:
1. A-(A—>B) PFr
2. (A->B)—>C Pr
3. A Pr.
4. A->B —Elim1,3
5. C —Elim2,4
6. B —Elim3,4
7. BeC *Int5, 6
Provethat M ¢ N from:
L |(AB)—=[(L>M)—N] Pr
2. |As(L>M) Pr.
3. |L*B Pr.
4, | A *Elim 2
5 | B *Elim 3
6. | A*B eInt4,5
7. | (L>M)=N —Elim1,6
8. |[LoM *Elim2
9. [N —Elim7,8
10| L *Elim 3
11| M —Elim 8,10
12| MeN eInt9, 11
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